Abstract. We study the Chabauty compactification of two families of closed subgroups of SL(n, Qp). The first family is the set of all parahoric subgroups of SL(n, Qp). Although the Chabauty compactification of parahoric subgroups is well studied, we give a different and more geometric proof using various Levi decompositions of SL(n, Qp). Let C be the subgroup of diagonal matrices in SL(n, Qp). The second family is the set of all SL(n, Qp)-conjugates of C. We give a classification of the Chabauty limits of conjugates of C using the action of SL(n, Qp) on its associated Bruhat-Tits building and compute all of the limits for n ≤ 4 (up to conjugacy). In contrast, for n ≥ 7 we prove there are infinitely many SL(n, Qp)-nonconjugate Chabauty limits of conjugates of C. Along the way we construct an explicit homeomorphism between the Chabauty compactification in sl(n, Qp) of SL(n, Qp)-conjugates of the p-adic Lie algebra of C and the Chabauty compactification of SL(n, Qp)-conjugates of C.
Introduction
For a locally compact topological space X, the set of all closed subsets of X is a compact topological space with respect to the Chabauty topology (see Proposition 2.1). Given a family F of closed subsets of X, it is natural to ask what is the closure of F with respect to the Chabauty topology, F , and whether or not closed subsets of F satisfy the same properties as F . We call elements of F the Chabauty limits of F .
Let X be a topological space admitting a continuous action by a locally compact group G, so the stabilizer G x in G of every point x ∈ X is a closed subgroup of G. Then the closure of {G x } x∈X with respect to the Chabauty topology gives a natural compactification of X, called the Chabauty compactification of X. Examples include Riemannian symmetric spaces [GJT98] and Bruhat-Tits buildings [GR06] where points correspond to certain compact subgroups.
Let G be a semisimple real Lie group with finite center and finitely many connected components, and let K be the maximal compact subgroup. Work of Guivarc'h-Ji-Taylor [GJT98] shows many different compactifications of G/K are homeomorphic. Guivarc'h and Rémy [GR06] extend many of these results to Bruhat-Tits buildings using a probabilistic method which holds for general semi-simple algebraic groups G over non Archimedean local fields. Caprace and Lécureux [CL11] generalize these results to a larger class of buildings.
In Section 5 we give a different and more geometric proof of [GR06, Theorem 3, Corollary 4] and [Hae10, Theorem 3.14] for SL(n, Q p ) using various Levi decompositions of SL(n, Q p ). This geometric method works mainly for SL(n, Q p ) and the reason is given after the proof of Theorem 5.3. The various Levi decompositions used for SL(n, Q p ) are recalled and proved in Section 4 for general closed non-compact subgroups acting on locally finite thick affine buildings. Although the main part of Section 4 is a brief overview of groups acting on affine buildings, the last subsection is new (see Propositions 4.12, 4.13, 4.14 and Lemma 4.16) and generalizes the notion of panel trees.
For a local field F, we study a second family of closed subgroups of SL(n, F). Let C be the set of all diagonal matrices of SL(n, F), also called the diagonal Cartan subgroup. Haettel [Hae13] corina.ciobotaru@gmail.com. aleitner.math@gmail.com. alain.valette@unine.ch.
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Chabauty topology
A good introduction to Chabauty topology [Cha50] can be found in [CDP07] or [Hae10, Section 2] and the references therein. We recall briefly some facts that are used in this paper.
For a locally compact topological space X we denote by F (X) the set of all closed subsets of X. 1) For every f ∈ F there is a sequence {f n ∈ F n } n∈N converging to f ; 2) For every sequence {f n ∈ F n } n∈N , if there is a strictly increasing subsequence {n k } k∈N such that {f n k ∈ F n k } k∈N converges to f , then f ∈ F .
For a locally compact group G we denote by S(G) the set of all closed subgroups of G. By [CDP07, Proposition 1.7, p. 58] the space S(G) is closed in F (G), with respect to the Chabauty topology, and thus compact. Moreover, Proposition 2.1 can be applied to a sequence of closed subgroups {H n } n∈N ⊂ S(G) converging to H ∈ S(G), obtaining a similar characterisation of convergence in S(G).
We thank Daryl Cooper for suggesting the next idea. A group, H, satisfies an universal relation if there is a finitely generated free group F and a word w ∈ F such that for all homomorphisms θ : F → H we have θ(w) = 1. For example, an abelian group satisfies xyx −1 y −1 = 1.
On affine buildings
When working with a semi-simple algebraic group G over a non-Archimedean local field (e.g., the p-adic field Q p ) its associated "symmetric space" is the Bruhat-Tits building that is a locally finite thick affine building (see [AB08, Gar97, Ron89] ).
In the Davis' realisation every locally finite affine building ∆ is a CAT(0)-space and one can define the visual boundary of ∆, denoted by ∂∆. By the theory of CAT(0)-spaces, the space ∆ ∪ ∂∆ admits a cone topology (for definitions see [BH99, Part II, Section 8]) and it is a compact space. Moreover, ∂∆ is a spherical building, called the spherical building at infinity of ∆. We denote by Aut(∆) the group of all automorphisms of ∆. The group Aut(∆) is endowed with the compact-open topology; and it is a totally disconnected locally compact group (e.g., the pointwise stabilizer in Aut(∆) of a finite number of points of ∆ is compact and open). The set of all such pointwise stabilizers forms a basis for the compact-open topology on Aut(∆): Let x ∈ ∆ be a point. A sequence {g n } n∈N ⊂ Aut(∆) converges to the automorphism g ∈ Aut(∆) if for every r > 0 there exists N r > 0 such that g n (y) = g(y) for every y ∈ B(x, r) and every n ≥ N r .
Recall a closed subgroup G ≤ Aut(∆) acts continuously on ∆ ∪ ∂∆. This means for every {x n } n∈N ⊂ ∆ that converges to x ∈ ∆ ∪ ∂∆ (with respect to the cone topology on ∆ ∪ ∂∆) and every {g n } n∈N ⊂ G that converges to g ∈ G (with respect to the group topology on G) we have {g n (x n )} n∈N converges to g(x), with respect to the cone topology on ∆ ∪ ∂∆.
Definition 3.1. Let (∆, A) be a building (e.g., a spherical building or an affine building) and G ≤ Aut(∆). We say that G acts strongly transitivly on ∆ if for any two pairs (Σ 1 , c 1 ) and (Σ 2 , c 2 ) consisting of apartments Σ i ∈ A and chambers c i of Σ i , there exists g ∈ G such that g(Σ 1 ) = Σ 2 , g(c 1 ) = c 2 and by preserving the types of the vertices of c 1 and c 2 . Recall buildings are colorable, i.e., the vertices of any chamber are colored differently and any chamber uses the same set of colors. We say that g ∈ Aut(∆) is type-preserving if g preserves the coloration of the building. We say that G ≤ Aut(∆) is type-preserving if all elements of G are type-preserving.
The Bruhat-Tits building X associated with SL(n, Q p ) is constructed in [Gar97, Chapter 19] , for example, and it is considered with its maximal system of apartments. The building X is locally finite, thick, affine, of typeÃ n−1 , and of dimension n − 1. Example 3.2. For SL(2, Q p ) the Bruhat-Tits building X is a (p + 1)-regular tree. It is an affine building of dimension 1 where an apartment is a bi-infinite geodesic line of the tree and a chamber is an edge.
The group SL(n, Q p ) is a closed subgroup of Aut(X) that acts strongly transitively and by typepreserving automorphisms on X. Also SL(n, Q p ) acts strongly transitively on its spherical building at infinity ∂X. Definition 3.3. Let (X, d) be a CAT(0)-space, and let γ be an isometry of X. Let Min(γ) := {x ∈ X | d(x, γ(x)) = |γ|}, where |γ| := inf x∈X {d(x, γ(x))} denotes the translation length of γ. If Min(γ) is the empty set then γ is parabolic. If Min(γ) is not the empty set then γ is elliptic if |γ| = 0, otherwise γ is hyperbolic. A semi-simple isometry of X is by definition either elliptic or hyperbolic.
When ∆ is an affine building, any element of Aut(∆) is either elliptic or hyperbolic.
Lemma 3.4. Let ∆ be a locally finite affine building and G be a closed non-compact subgroup of Aut(∆). Suppose the sequence {g n } n∈N ⊂ G converges to an isometry g ∈ G. If g is elliptic (resp., hyperbolic) then there exists N > 0 such that g n is elliptic (resp., hyperbolic) for every n ≥ N . In particular, |g| = |g n | for every n ≥ N .
Proof. As g ∈ Aut(∆), either g is elliptic or g is hyperbolic.
Suppose g is elliptic. Then there exists x ∈ Min(g) ⊂ ∆, thus g(x) = x. By considering a ball B(x, r) around x with r > 0 there exists N r with the required properties.
Suppose g is hyperbolic. Then Min(g) is not empty and g-invariant (Min(g) = gMin(g)). In particular, for every x ∈ Min(g) we have g n (x) ∈ Min(g), for every n ∈ Z. Moreover, {g n (x)} n∈Z is contained in an apartment of ∆ (that is not necessarily unique) and the points {g n (x)} n∈Z are on a bi-infinite (Euclidean) line, that forms a translation axis of g. Thus by taking a ball B(x, r) with r big enough such that g ±4 (x) ∈ B(x, r), then there exists N r > 0 such that g n (y) = g(y) for every y ∈ B(x, r) and every n > N r . In particular, the oriented segment [x, g(x)] is sent by every g n , with n > N r , to the segment [g(x), g 2 (x)], preserving the orientation. Moreover, as [x, g(x)] and [g(x), g 2 (x)] are collinear and because the orientation is not reversed, by [CC15, Lemma 2.8] we have g n is a hyperbolic element and |g n | = |g|, for every n > N r .
Decompositions of groups acting on affine buildings
Let ∆ be a locally finite thick affine building with the complete system of apartments and let G be a closed subgroup of Aut(∆) that acts strongly transitively and by type-preserving automorphisms on ∆. A good maximal compact subgroup of G is the stabilizer Stab G (x) := {g ∈ G | g(x) = x} of a special vertex x of ∆. (For the definition of a special vertex see [Gar97, Sec. 16 .1].)
For the rest of the article we fix an apartment Σ of ∆ and a special vertex x ∈ Σ and let K := Stab G (x). The Cartan subgroup C of G is the centre of the subgroup Stab G (Σ) := {g ∈ G | g(Σ) = Σ}. Since G acts transitively on the set of all apartments of ∆, the subgroup C is unique up to conjugation in G. Let Fix G (Σ) := {g ∈ G | g(z) = z, ∀z ∈ Σ}. Let Ch(∂∆), resp., Ch(∂Σ), be the set of all chambers of the spherical building ∂∆, resp., spherical apartment ∂Σ.
Let c ∈ Ch(∂Σ) ⊂ Ch(∂∆) be an ideal chamber of ∂Σ, that is fixed for what follows. The Borel subgroup B of G is the closed subgroup B := Stab G (c) := {g ∈ G | g(c) = c}. Since G acts on ∆ strongly transitively, and induces a strongly transitively action on the visual boundary ∂∆, the Borel subgroup B is unique up to conjugation in G.
is the affine Weyl group associated with the affine building ∆; (W aff , S aff ) is the affine Coxeter system of ∆ and S aff is the set of the reflexions through the walls of a chamber in Ch(Σ). Another well-known fact is that W aff contains a maximal abelian normal subgroup isomorphic to Z m , whose elements are Euclidean translation automorphisms of the apartment Σ and m is the Euclidean dimension of Σ. Denote this maximal abelian normal subgroup by A and note its elements are images of hyperbolic automorphisms of ∆. In particular, every element of A can be lifted (not in a unique way) to a hyperbolic element of G.
Note for a general closed strongly transitive and type-preserving subgroup G of Aut(∆) its corresponding abelian subgroup A < W aff does not necessarily lift to an abelian subgroup of G. Still, this is the case if we consider G to be a semi-simple algebraic group over a non Archimedean local field (e.g., G = SL(n, Q p )). By the theory of Bruhat-Tits, the abelian group A < W aff is in fact the restriction to Σ of a maximal split torus of G, which is abelian.
Note the subgroups K, C, A, B all depend on the choice of the apartment Σ, the special vertex x ∈ Σ and the ideal chamber c ∈ Ch(∂Σ). In particular, the decompositions below also depend on the choice of Σ, x and c. 
Remark 4.3. For a general affine building ∆ and G a strongly transitive and type-preserving subgroup of Aut(∆) (not necessarily closed) the Cartan and Iwasawa decompositions above do not hold for x a non-special vertex and K = Stab G (x). If x is not special, the translation subgroup of the affine Weyl group of G might not act transitively on the set of (non-special) vertices of the same type, which is an ingredient in the proofs of the Cartan and Iwasawa decompositions.
The Weyl group associated with the affine building ∆ is the group
Here (W, S) is the finite Coxeter system of ∂∆ and S is the set of all the reflexions through the walls in Σ that determine the chamber c ∈ Ch(∂Σ) fixing the vertex x. So W is a finite group, in contrast to the infinite W aff . For a simplex σ of c there is a unique Coxeter subsystem (W I , I) of (W, S) such that {s ∈ S | s(σ) = σ} = I; let P I := G σ := {g ∈ G | g(σ) = σ}. For σ = c the corresponding (W I , I) = (Id, ∅) and P ∅ = B. Note B ⊂ P I , for every (W I , I) Coxeter subsystem of (W, S) and P I is unique up to conjugation in G. The subgroups P I are closed subgroups of G and are called the parabolic subgroups of G. The Borel subgroup B is the minimal parabolic among them.
For an ideal chamber c ∈ Ch(∂Σ) there is a unique ideal chamber c ′ ∈ Ch(∂Σ) opposite c. Every simplex σ of c has a unique opposite simplex σ ′ in ∂Σ, with σ ′ ⊂ c ′ . The Coxeter subsystem (W I , I) associated with σ ′ equals the one of σ. Still, the corresponding parabolic subgroups are not the same. To avoid the confusion, when σ and σ ′ are opposite ideal simplices in ∂∆ we denote P
Correspondingly, for opposite ideal chambers we use the notation B + = G c , B − = G c ′ . We also use the notation G . Let G be a totally disconnected locally compact group and take a ∈ G. The parabolic and contraction subgroups associated to a are
The group P + a is a closed subgroup of G, but in general U + a is not closed. Similarly, we define P − a and U − a using a n ga −n .
Example 4.5. We apply Definition 4.4 to a hyperbolic element a ∈ G, where G ≤ Aut(∆) and ∆ is a locally finite affine building. Every hyperbolic element a ∈ Aut(∆) admits unique attracting and repelling endpoints ξ + and ξ − contained in ∂∆. Then ξ + and ξ − are the endpoints of the translation axis of a.
Proposition 4.6. (Levi decomposition, for a proof see [Cio15, Prop. 4.15 and Cor. 4.17]) Let G be a closed, strongly transitive and type-preserving subgroup of Aut(∆). Let Σ be an apartment in ∆ and assume there is a hyperbolic automorphism a ∈ Stab G (Σ). Let ξ + , ξ − be the attracting and repelling endpoints of a and σ + , σ − the unique simplices in ∂Σ whose interior contain ξ + , respectively ξ − . Note σ + is opposite σ − and let (W I , I) be the corresponding Coxeter subsystem of σ + . Then
Remark 4.7. Let a, b ∈ Stab G (Σ) be two hyperbolic elements with attracting endpoints in the interior of the same unique simplex σ + in ∂Σ. By Proposition 4.6 one can see that U + a = U + b . Thus we define U I + := U + a and call it the unipotent radical of P I = G σ+ . Note U I depends only on the simplex σ + and not on the chosen hyperbolic element a. The subgroup M I is called the Levi factor/subgroup of P I .
Remark 4.8. Let G be a semi-simple algebraic group over a non Archimedean local field k and let G = G(k) be the group of all k-rational points of G over the completion of k. For example, G = SL(n, Q p ). Denote by ∆ the corresponding locally finite thick affine building of dimension m on which G acts by type-preserving automorphisms and strongly transitively. Let Σ be the apartment that corresponds to the abelian subgroup A ∼ = Z m of the affine Weyl group W aff of G. As A can be lifted to an abelian subgroup of G, one can choose a basis of hyperbolic elements {γ 1 , · · · , γ m } ∈ Stab G (Σ) for the lift of A such that the attracting endpoint of γ j , for every j ∈ {1, · · · , m}, is a vertex in ∂Σ (i.e., it is a vertex of the chamber at infinity that corresponds to the Borel subgroup B). It is then easy to see that for every simplex σ ⊂ ∂Σ there exists a hyperbolic element in Stab G (Σ) with attracting endpoint in the interior of σ. So P I , U I , M I are well defined for any simplex σ ⊂ ∂Σ.
Remark 4.9. Let G be a semi-simple algebraic group over a non Archimedean local field k and let G = G(k) be the group of all k-rational points of G. By the Bruhat-Tits theory and [Cio15, Cor. 4.29] the groups U ± a are closed.
Example 4.10. For the totally disconnected locally compact group G = SL(n, Q p ) the Levi decompositions from Proposition 4.6 are as follows. Consider the subgroups of SL(n, Q p ):
The subgroup B is the Borel subgroup corresponding to the model ideal chamber c ∈ Ch(Σ). Then
and it is the unipotent radical of B as defined in Remark 4.7; it is a fact that U ∅ contains only elliptic elements. Also M ∅ = C is contained in Stab G (Σ). So M ∅ stabilizes the apartment Σ; it contains both elliptic and hyperbolic elements. The subgroup M 0 ∅ ≤ SL(n, Z p ) contains all the elliptic elements of M ∅ . More generally, we associate the following subgroups of SL(n, Q p ) with a Coxeter subsystem (W I , I) of (W, S):
where the blocks A 1 , · · · , A k are indecomposable, square matrices of possibly different dimensions.
(For B the blocks are one dimensional and k = n). A block A i is indecomposable if no conjugate of P I in SL n (Q p ) allows us to write A i as a direct sum of smaller blocks. The dimensions of the blocks A 1 , · · · , A k are determined by (W I , I). We abuse notation and denote by Id 1 , · · · , Id k identity matrices of the same size as A 1 , · · · , A k .
Then B ≤ P I = U I M I . The subgroup U I is the unipotent radical of P I as defined in Remark 4.7, it is a closed subgroup of SL(n, Q p ) and U I ≤ U ∅ . The Levi factor M I is a reductive group [Bor91, Definition 11.22] and it is unique up to conjugacy. Its elliptic and hyperbolic part and the "flat" that M I stabilizes are a special case of the general case that will be presented below.
Remark 4.11. Recall, PSL(n, Q p ) acts faithfully on the Bruhat-Tits building ∆ associated with SL(n, Q p ) and the kernel of the isogeny SL(n, Q p ) → PSL(n, Q p ) is precisely µ n , the group of n-th roots of unity in Q * p . As µ n · Id is a normal subgroup of SL(n, Q p ) and acts trivially on the building ∆, PSL(n, Q p ) and SL(n, Q p ) give the same action on ∆.
Further decomposition of M I First we fix the following notation. Let ∆ be a locally finite thick affine building of dimension n with its complete system of apartments. Let Σ be an apartment of ∆, σ + and σ − be two opposite simplices in ∂Σ, and let (W I , I) be the corresponding Coxeter subsystem of σ + . The residue res(σ + ) is the set of all ideal chambers in Ch(∂∆) that contain the simplex σ + . Let ∆(σ + , σ − ) be the union of all the apartments of ∆ whose ideal boundaries contain σ + , σ − .
Proposition 4.12. The union of apartments ∆(σ + , σ − ) is a closed convex subset of ∆, it is an extended locally finite thick affine building and ∆(σ + , σ − ) ∼ = R |I| × ∆ I with ∆ I a locally finite thick affine building of dimension n − |I|. Moreover, res(σ + ) is a compact subset of Ch(∂∆), it is a spherical building and res(σ + ) ∼ = Ch(∂∆ I ).
Proof. This is proved by Rousseau [Rou11, 4.3] in a more general setting (see also [CMR, Section 2.6]). By [AB08, 5 .30] we know res(σ + ) is a spherical building.
When σ + and σ − in Proposition 4.12 are two opposite chambers in ∂Σ, then ∆(σ + , σ − ) ∼ = R |n| ∼ = Σ and ∆ I is just a point.
Note the Euclidean factor R |I| from the splitting of ∆(σ + , σ − ) is in fact the affine space L I in Guivarc'h-Rémy [GR06, 1.2.1]. The simplices σ + , σ − are in the boundary at infinity of R |I| .
Proposition 4.13. Let G be a closed, type-preserving subgroup of Aut(∆) with a strongly transitive action on ∆. Then G σ+,σ− := G σ+ ∩ G σ− = M I acts strongly transitively on ∂∆ I .
Proof. Since G acts strongly transitively on ∆ then G acts strongly transitively on ∂∆. By Proposition 4.12 every apartment of ∂∆ I is the boundary at infinity of some apartment (not necessarily unique) in ∆(σ + , σ − ). Let c 1 , c 2 ∈ res(σ + ) and let A 1 , A 2 be two apartments of ∆(σ + , σ − ) with c i ∈ Ch(∂A i ), for i ∈ {1, 2}. Then by the strong transitivity of G there exists g ∈ G with g(A 1 ) = A 2 and g(c 1 ) = c 2 . In particular, g(Ch(∂A 1 )) = Ch(∂A 2 ). Since c 1 and c 2 share the same simplex σ + and G is typepreserving, then g(σ + ) = σ + . So g(σ − ) = σ − because A 1 , A 2 are apartments of ∆(σ + , σ − ). Thus g ∈ M I . Proposition 4.14. Let G be a closed, type-preserving subgroup of Aut(∆) with a strongly transitive action on ∆. Then M I acts on ∆(σ + , σ − ) and preserves the splitting
is a group homomorphism and the normal subgroups H I := α −1 (α| Isom(∆I ) (M I )), resp.,
of M I act by automorphisms and strongly transitively on ∆ I , resp., by translations on R |I| .
Proof. As every g ∈ M I stabilizes σ + and σ − and is type-preserving, then g preserves the splitting R |I| × ∆ I and acts by translations (or as a trivial element) on R |I| and by automorphisms on ∆ I . By the splitting results of [FL08, Theorem 1.1, Corollary 1.3] we have Isom(∆(σ + , σ − )) = Isom(R |I| ) × Isom(∆ I ). As the action of M I on ∆(σ + , σ − ) is a group action, the corresponding map α :
I is a subgroup of translations of R |I| . It remains to prove H I acts strongly transitively on ∆ I . Indeed, first note H I does not affect the action on ∆ I and res(σ + ) ∼ = Ch(∂∆ I ). So, as M I acts strongly transitively on res(σ + ), we obtain H I acts strongly transitively on ∂∆ I . By [KS17, Theorem B] H I acts strongly transitively on ∆ I and the conclusion follows.
Remark 4.15. In general the map α : M I → Isom(R |I| ) × Isom(∆ I ) from Proposition 4.14 is not injective as the subgroup Ker(α) ≤ M I that acts trivially on ∆(σ + , σ − ) ∼ = R |I| × ∆ I can be nontrivial. In addition, the image subgroup α(M I ) might not split as a direct product in Isom(R |I| ) × Isom(∆ I ). Both issues occur in the special case M I ≤ G = SL(n, Q p ).
We have seen in Example 4.10 that the Levi factor M I of a parabolic subgroup P I of SL(n, Q p ), is a reductive group
where the blocks A 1 , · · · , A k are indecomposable, square matrices of possibly different dimensions. The next lemma computes the normal subgroups Ker(α) and H I for the map α :
Lemma 4.16. We have
where Id 1 , Id 2 , · · · , Id k are square identity matrices of possibly different dimensions, but respectively, with the same size as
Proof. Notice every element in Ker(α) fixes pointwise ∆(σ + , σ − ), and so Ker(α) fixes pointwise the apartment Σ corresponding to the Cartan subgroup C ≤ SL(n,
is the monomial subgroup of SL(n, Q p ) (see [AB08, Section 6.9, page 351]). But Ker(α) is normal in M I and a subgroup in Diag(n, Z p ), thus it is easy to see Ker(α) has the desired form. Now, let us compute H I . Indeed, we first claim H I is a subgroup of Diag(n, Q p ). This is true because every element of H I acts trivially on ∆ I and translates (or acts trivially) on the flat R |I| . Recall R |I| is a subflat of Σ and so every element of H I stabilises the apartment Σ and fixes pointwise the boundary of Σ. Thus H I is a subgroup of Stab G (Σ) ∩ B = Diag(n, Q p ) and our claim follows. As H I is also a normal subgroup of M I we obtain the desired conclusion.
Remark 4.17. Notice, the intersection H I ∩ H I is Ker(α) consisting of diagonal matrices with entries in Z p , and those elements are not hyperbolic. Therefore hyperbolic elements of H I are not hyperbolic elements in H I .
As H I acts strongly transitively on ∆ I we can apply all the decompositions presented above. Let
Definition 4.18. For y ∈ ∆ I we denote K I,y := Fix MI (R |I| × y) = (H I ) y , D I,y := U I K I,y and R I,y := U I H I K I,y .
Chabauty limits of parahoric subgroups
This section gives a different geometric proof of [GR06, Theorem 3, Corollary 4] and [Hae10, Theorem 3.14] for SL(n, Q p ) by using Lemma 3.4 and the decomposition of M I given in Proposition 4.14. The proof of [GR06, Theorem 3] uses a probabilistic method which holds for general semi-simple algebraic groups G over non Archimedean local fields. For completeness we also give more geometric proofs of two main Lemmas in [GR06, Hae10] about general semi-simple algebraic groups G over non Archimedean local fields.
Let G be a semi-simple algebraic group over a non Archimedean local field k and let G = G(k) be the group of all k-rational points of G. In particular, we will consider G = SL(n, Q p ). Denote by ∆ the corresponding locally finite thick affine building of dimension n − 1 on which G acts by type-preserving automorphisms and strongly transitively. Let Σ be the apartment of ∆ and fix a special vertex x in Σ, the base point. For a point y ∈ ∆ we denote K y := Stab G (y) =: G y ; note K y is a closed subgroup of G.
Given a sequence {x l } l∈N ⊂ ∆ of points we want to study the Chabauty limits in S(G) of the sequence of closed subgroups {K x l } l∈N . By Guivarc'h-Rémy [GR06, Lemma 1, 1.3.3] for every sequence {x l } l∈N ⊂ ∆ there exist I ⊂ S, a converging sequence {g l k } k∈N ⊂ K x and a simplex σ ⊂ ∆ I such that for every k ∈ N we have:
, y l k is in the Weyl chamber with base point x of ∆ and the projection of y l k to ∆ I is in σ (comprising the boundary of σ). The sequence
The following two lemmas hold true for any I-canonical sequence {y l } l∈N ⊂ ∆ with σ its associated simplex in ∆ I and y a point in the interior of σ. Proof. The proof goes as for [Hae10, Lemma 3.12] . By hypothesis we know the sequence {y l } l∈N is contained in the closed strip R |I| × σ intersected with the Weyl chamber in ∆ with base point x. Therefore {y l } l∈N admits a converging subsequence to a point ξ ∈ ∂∆ whose stabilizer is P I . Let d ∈ D and take {k l ∈ K y l } l∈N that converges to d. Then we have, restricting eventually to a subsequence, {k l (y l ) = y l } l∈N converges to d(ξ) and also to ξ; thus d(ξ) = ξ and so d ∈ P I . Then the sequence {K x l } i∈N admits a convergent subsequence with respect to the Chabauty topology on S(G) and the corresponding limit is K x -conjugate to some D I,y , for some I ⊂ S and y ∈ ∆ I .
Proof. By Guivarc'h-Rémy [GR06, Lemma 1, 1.3.3], it is enough to consider an I-canonical sequence {y l } l∈N ⊂ ∆ such that {K y l } l∈N converges to D ∈ S(G). Let σ be the associated simplex in ∆ I of {y l } l∈N and let y be inside σ. By the above lemmas we have
Lemma 5.1 U I ⊂ D and we can assume that d ∈ M I . By Proposition 4.14 d cannot project to a non-trivial translation in H I , as this contradicts the fact that d is a limit of elliptic elements (see Lemma 3.4). Therefore, we have d ∈ H I .
As every vertex in the affine building of ∆ of SL(n, Q p ) is special, every vertex of the affine building ∆ I of H I is also special. So for every vertex z ∈ Σ I the maximal compact subgroup (H I ) z is good and H I admits the Iwasawa decomposition H I = (H I ) z A I B 0 I , where A I is the maximal split torus of H I with respect to the apartment Σ I and B 0 I is the pointwise stabilizer in H I of a ideal chamber in ∂Σ I corresponding to the Weyl chamber in Σ.
Suppose that σ is a vertex, so y = σ. As in this case (H I ) σ = K I,y and K I,y is contained in D by Lemma 5.1, we can assume (up to multiplying by the inverse of an element in K I,y ) that d ∈ A I B Recall from Remark 4.3 the Iwasawa decomposition does not hold for a general non-special vertex, and so the proof of Theorem 5.3 cannot be generalised to semi-simple algebraic group over a non Archimedean local field.
Chabauty limits of diagonal Cartan subgroups and Classification
In this section we study Chabauty limits of a different family of closed subgroups: the set of all SL(n, Q p )-conjugate of the Cartan subgroup C of G := SL(n, Q p ) as defined in Section 4. The diagonal subgroup of G is called the diagonal Cartan subgroup, C. It is a closed subgroup of G, and C ≤ Stab G (Σ), for a unique apartment Σ in the Bruhat-Tits building X associated with
the set of all conjugates in G of C. Let Cart(G) Ch be the closure of Cart(G) in S(G) with respect to the Chabauty topology on S(G); so Cart(G) Ch is compact. An element in Cart(G) Ch is called a Chabauty limit of the diagonal Cartan. For simplicity, we will use limit of the Cartan as terminology.
Lemma 6.1. The diagonal Cartan subgroup C ≤ Stab G (Σ) fixes pointwise the boundary at infinity ∂Σ of the apartment Σ of X.
Proof. Since C is abelian and acts cocompactly on Σ, the restriction of every element η of C to Σ is either hyperbolic or pointwise fixes Σ. In particular, we have Σ ⊂ Min(η), for every η ∈ C. In both cases (η is hyperbolic or elliptic) the boundary ∂Σ is pointwise fixed by every η ∈ C, and the conclusion follows.
Proposition 6.2. Any limit of the diagonal Cartan is contained in the product of the group µ n of n-roots of 1 in Q p , with a conjugate of the Borel subgroup B and fixes pointwise the closure of an ideal chamber of Ch(∂X) that is not necessarily unique. (Here µ n is identified with the corresponding group of scalar matrices).
Proof. Note that µ n appears as the kernel of the quotient map SL n (Q p ) → PSL n (Q p ): indeed it is only PSL n (Q p ) that acts faithfully on the corresponding Bruhat-Tits building X. Let {g m } m∈N ⊂ G and suppose the limit lim
m exists in S(G) and equals H. Let Σ be the apartment of X such that C ⊂ Stab G (Σ). In particular, every ideal chamber c ∈ Ch(∂Σ) is fixed by C. Take one such ideal chamber c ∈ Ch(∂Σ). Recall X ∪ ∂X is a Hausdorff compact space with respect to the cone topology on X ∪ ∂X. Since the action of G on X ∪ ∂X is continuous, the sequence {g m (c)} m∈N admits a convergent subsequence g mi (c) → c ′ ∈ Ch(∂X), when m i → ∞. For simplicity, we denote that subsequence also by {g m } m∈N .
Let h ∈ H, there exists a sequence {h m ∈ g m Cg −1
m } m∈N such that h m → h, when m → ∞, with respect to the induced subgroup topology on H from G. The action of G on X ∪ ∂X is continuous thus so is the action of H, so we have
that is contained in a conjugate of µ n · B. As G acts by type-preserving automorphisms, the ideal chamber c ′ and its closure are pointwise fixed by H.
Note for every ideal chamber c ∈ Ch(∂Σ) there is an ideal chamber c ′ ∈ Ch(∂X), such that
This means there could be more ideal chambers stabilized by H.
Examples of limits of the diagonal Cartan that fix pointwise more ideal chambers of Ch(∂X) are all conjugates of C. Any conjugate of C pointwise fixes the ideal boundary of an apartment of X.
Next we show every limit of C is conjugate to a limit of C under conjugating by a sequence in the unipotent radical U of B.
Lemma 6.3. Let H be a limit of the diagonal Cartan. Then there exists a sequence {u m } m∈N ⊂ U , where U is the unipotent radical of the Borel subgroup B, and some k ∈ K such that {u m Cu −1 m } m∈N converges to a limit H ′ of the diagonal Cartan and
Proof. As H is a limit of the diagonal Cartan there exists {g m } m∈N ⊂ SL(n, Q p ) such that {g m Cg −1 m } m∈N converges to H in the Chabauty topology.
As SL(n, Q p ) = KB = KU C, where C is the diagonal Cartan subgroup of all diagonal matrices, we have g m = k m u m a m , with k m ∈ K, u m ∈ U and a m ∈ C. Because K is compact, the sequence {k m } m∈N admits a convergent subsequence to some k ∈ K. Abusing notation we write k m
m } m∈N admits a convergent subsequence in S(SL(n, Q p )). Abusing notation again we write u m Cu
hk ∈ H ′ and the conclusion follows.
Remark 6.4. To classify limits of C up to conjugacy, it suffices by Proposition 6.2 to find all limits of C that are subgroups of the Borel, B. Note a limit H of the diagonal Cartan either contains only elliptic elements and in which case we call H an elliptic limit of the Cartan otherwise H contains at least one hyperbolic element and we call H a hyperbolic limit of the Cartan.
Thm. 2, pg. 340] we know that every closed subgroup of a real or p-adic Lie group is again a real or p-adic Lie group (for the definition of a real or p-adic Lie group see Bourbaki [Bou89] ). In particular, every closed subgroup of SL(n, Q p ) is a p-adic Lie group. Again by Bourbaki [Bou89, Def. 6, pg. 252] every real or p-adic Lie group H has an associated real or p-adic Lie algebra (h, [, ] ). This gives a Lie functor L from the set of real or p-adic Lie groups to the set of real or p-adic Lie algebras. In particular, one can consider the restriction of the Lie functor L to the set of all closed subgroups of a Lie group H to the set of all closed Lie subalgebras of (h, [, ] ). In the p-adic case the Lie functor L is not injective (see Bourbaki [Bou89, Thm. 3 is well defined only in a neighbourhood V of zero of (h, [, ] ) and maps V diffeomorphically onto a neighbourhood of identity element in H (for R the exponential map is well defined on all of the Lie algebra).
In the case of SL(n, Q p ) and explicitly for the set Cart(SL(n, Q p ))
Ch we propose a map that looks like an 'inverse map' of the Lie functor L:
Here Cart(sl(n, Q p )) is the set of all SL(n, Q p )-conjugates of the Lie subalgebra c ⊂ sl(n, Q p ) of C. For A ⊂ sl(n, Q p ) we denote A, Id := {λ · a + β Id : λ, β ∈ Q p and a ∈ A} to be the Q p -linear span of A and Id.
We show that A ∈ Cart(sl(n, Q p )) Ch is the Lie algebra of Gr(A) and moreover the map Gr is continuous with respect to the Chabauty topology.
6.1.1. On closed subalgebras of M(n, Q p ) and sl(n, Q p ). In this subsection we build background on closed subgroups and subalgebras, before defining the map Gr in the next section.
All the topologies that we consider here, for example on
, are the subspace topologies inherited from the product topology on Q n 2 p . The set M(n, Q p ) of all n × n matrices over Q p is an algebra: it is a Q p -vector space of finite dimension and the multiplication of matrices gives the structure of an algebra.
Set G := SL(n, Q p ) ⊂ GL(n, Q p ) and G is a closed subgroup of GL(n, Q p ). By Milne [Mil, Example 3.9, page 122] the Lie algebra of G is g := sl(n, Q p ), the set of all matrices in M(n, Q p ) of trace zero. Note g is a finite dimensional Q p -vector subspace of M(n, Q p ) that is not a subalgebra of M(n, Q p ) with respect to the usual multiplication of matrices. The multiplication on g is given by the Lie bracket The diagonal subgroup Diag(n, Q p ) ⊂ GL(n, Q p ) is a maximal abelian subgroup in GL(n, Q p ) and it is easy to see Diag(n, Q p ) is a closed subgroup of GL(n, Q p ). We denote by diag(n, Q p ) the set of all diagonal matrices of M(n, Q p ): it is a maximal abelian subalgebra of M(n, Q p ).
We denote by c the diagonal Cartan subalgebra of the diagonal Cartan subgroup C. We have c := diag(n, Q p ) ∩ g and c is an abelian subalgebra of g with respect to the Lie bracket, as for every a, b ∈ c we have [a, b] = 0. So c consists of all diagonal matrices of M(n, Q p ) with trace zero. We have
Definition 6.5. Let H ≤ G be a subgroup. Denote by H the Q p -linear span of elements of H.
Lemma 6.6. C = diag(n, Q p ). Q p ) , hence the result. Note that this proof holds over any field of order at least 4.
Observe G acts on Cart(G) and Cart(g) by conjugation.
Proof. If g ∈ G stabilizes C, then it stabilizes C = diag(n, Q p ) (by Lemma 6.6), so it stabilizes the set of trace 0 matrices in diag(n, Q p ), which is c. Conversely, if g ∈ G stabilizes c, then it stabilizes c, Id = diag(n, Q p ), hence it stabilizes diag(n, Q p ) ∩ G = C.
The next remark is very useful for what follows.
Remark 6.8. By Bourbaki [Bou81, Section I.14, Cor. 1], in a Banach space over Q p every finite dimensional linear subspace is closed, similarly to the real case.
By Remark 6.8, diag(n, Q p ) is a closed subset of M(n, Q p ), and thus a closed subalgebra of M(n, Q p ). Similarly, g is a closed subset of M(n, Q p ).
Definition 6.9. Let V be a vector space over Q p of finite dimension N . Endow V with the product topology from Q N p . We denote by S(V ) the set of all Q p -linear subspace of V (thus closed). In particular, one can consider V = g.
We have c is a closed and abelian subalgebra of g, so c ∈ S(g). For every g ∈ G, we obtain gcg Abelian groups and algebras satisfy the universal relation that the commutator is trivial, so limits of abelian groups and algebras are abelian. As a consequence of Proposition 2.2 we obtain: Lemma 6.11.
(1) Cart(g) Ch contains only abelian subalgebras of (g, [·, ·]).
(2) Cart(G) Ch contains only abelian subgroups.
Defining the bijection Gr
Remark 6.12. By Lemma 6.7 we may define the bijective map
Our goal is to establish a bijection between the closures Cart(g) Ch and Cart(G) Ch .
Definition 6.13. Let A ⊂ M(n, Q p ) be a subalgebra of M(n, Q p ). Denote by A * the group of all invertible elements of A (i.e., a ∈ A * if and only if a ∈ A ∩ GL(n, Q p ) with a −1 ∈ A).
Lemma 6.14. Let K be a field, in particular one can take
Proof. The inclusion A * ⊂ A ∩ GL(n, K) is clear. For the converse, let a ∈ A ∩ GL(n, K). Let P (t) = t n +k n−1 t n−1 +· · ·+k 1 t+k 0 be the characteristic polynomial of a, where k n−1 , · · · , k 1 , k 0 ∈ K with k 0 = det(a) = 0. By Cayley-Hamilton we have 0 = P (a) = a n + k n−1 a n−1 + · · · + k 1 a + k 0 and so a −1 = − 1 k0 (a n−1 + k n−1 a n−2 + · · · + k 1 Id) belongs to A.
Lemma
Proof. As by Lemma 6.14 A, Id * = A, Id ∩ GL(n, Q p ) the conclusion follows.
Remark 6.16. Notice c, Id ∩ G = c, Id
Lemma 6.17. Let V be a finite dimensional vector space over Q p . Let W be a hyperplane in V and let v be a vector in V \ W . Then the map e v : S(W ) → S(V ) given by A → A, v is continuous with respect to the Chabauty topology. In particular, e v is injective.
Proof. We write W = ker α where α is some linear form on V such that α(v) = 1. Let {A n } n∈N be a sequence of linear subspaces of W converging in the Chabauty topology to a linear subspace A of W . For x = a + λv ∈ e v (A) write a = lim n→∞ a n , with a n ∈ A n , for every n ∈ N. Then, for every n ∈ N we have a n + λv ∈ e v (A n ) and lim n→∞ (a n + λv) = x.
Conversely, if {x n ∈ e v (A n )} n∈N converges to x = a + λv ∈ V , then by writing x n = a n + λ n v and applying α we obtain lim n→∞ λ n = λ. Then lim n→∞ a n = lim n→∞ (x n − λ n v) = x − λv = a. Thus a ∈ A and x ∈ e v (A). We have shown the Chabauty limit of {e v (A n )} n∈N is e v (A).
As A = W ∩ e v (A) for every A ∈ S(W ) the injectivity follows for e v .
Remark 6.18. As a consequence of Lemma 6.17 we obtain: if {A m } m∈N ⊂ Cart(g) Ch with
Id with respect to the Chabauty topology induced from M(n, Q p ).
Ch then A, Id is an abelian subalgebra of M(n, Q p ).
Proof. Let A ∈ Cart(g). Then there exists g ∈ G such that A = gcg −1 and by Lemma 6.6 A, Id = g·diag(n, Q p )·g −1 . So A, Id is a subalgebra of M(n, Q p ) with respect to the multiplication of matrices. As diag(n, Q p ) is an abelian subalgebra this implies A, Id is abelian too. Note in the proof of Lemma 6.19 it was important that A ∈ Cart(g) is a conjugate of the set of all diagonal matrices with trace zero.
Let S 1 (M(n, Q p )) be the set of unital subalgebras of M(n, Q p ). ) is defined on a small neighbourhood V around 0 in Q p ; denote this function by f . Moreover by
Proof of Proposition 6.20. Let {B k } k∈N be a sequence in S 1 (M(n, Q p )), converging to B ∈ S 1 (M(n, Q p )). We need to show the sequence {B k ∩G} k∈N converges to B∩G. Indeed, if a sequence {b k ∈ B k ∩G} k∈N converges to b ∈ M(n, Q p ), then clearly b ∈ B ∩ G as G is closed. Conversely, if b ∈ B ∩ G, then we may write b = lim k→∞ b k with b k ∈ B k . So lim k→∞ det(b k ) = 1, and det(b k ) is in a neighbourhood U ⊂ Q p of 1 ∈ Q p , for k > 0 large enough. By Lemma 6.21 (for m = n), define λ k := g(det(b k )) (so that lim k→∞ λ k = 1) and b
Proposition 6.22. Let A ∈ Cart(g) Ch , then Gr(A) := A, Id ∩G is a closed subgroup of Cart(G) Ch and if X ∈ A belongs to the domain of the exponential map Exp, then Exp(X) ∈ Gr(A). The map
Ch is well defined and continuous with respect to the Chabauty topology on Cart(g) Ch and Cart(G) Ch .
Proof. By Lemma 6.19, A, Id is a closed abelian subalgebra of M(n, Q p ). Thus by Lemma 6.15, Gr(A) = A, Id * ∩ G = A, Id ∩ G is a closed abelian subgroup of GL(n, Q p ). If X ∈ A, then Exp(X) ∈ G as X is of trace 0, and on the other hand Exp(X) ∈ A, Id as the latter is a closed sub algebra of M(n, Q p ). So Exp(X) ∈ Gr(A). Now consider the map e Id : S(g) → M(n, Q p ) given by A → e Id (A) = A, Id . By Lemma 6.17 it is Chabauty continuous. As well is the canonical inclusion ι : Cart(g) Ch → S(g). It is then easy to see the image of e Id • ι is contained in S 1 (M(n, Q p )) (as A, Id is a unital subalgebra). So we may compose withGr and obtain Gr :=Gr • e Id • ι that is well-defined and Chabauty continuous. Since Gr maps Cart(g) to Cart(G), just by continuity it maps Cart(g) Ch to Cart(G) Ch .
Notice Gr(c) = C. Our goal is to prove the map Gr :
Ch is a bijection. As
, by Proposition 6.22, the conclusion follows.
Proposition 6.24. Let B ∈ S 1 (M(n, Q p )). Then we have B = Q * p (B ∩ G) . In particular, the mapsGr : S 1 (M(n, Q p )) → S(G) and Gr : Cart(g) Ch → Cart(G) Ch are injective.
Proof. Because Gr =Gr • e Id • ι and e Id , ι are injective, it is enough to proveGr is injective. This follows from the first part of the proposition that we now prove in four steps: 1. Recall by Lemma 6.14 we have B * = B ∩ GL(n, Q p ).
We claim B
* is open in B. Indeed, it is enough to show that Id has an open neighbourhood in B such that any of its elements is also contained in B * . It is a general fact for Banach unital algebras that if ||a − Id || < 1 and by setting b := Id −a, then a [Ser06] , Part II, Chapter 4, Section 5, Corollary, LG4.12).
3. We claim Q * p (B ∩ G) is open in B * . Indeed, consider the analytic group homomorphism φ : (B * ∩ G) × Q * p → B * given by (g, λ) → φ(g, λ) := λg. Its differential at the identity Id is
Notice Dφ Id has rank d so, by the inverse function theorem (Serre [Ser06] , Part II, Chapter 2, LG2.10), φ is a local analytic isomorphism, hence its image contains an open set. 4. Finally, in a finite dimensional vector space, the linear span of an open set is the whole space. Hence B = Q * p (B ∩ G) .
We have obtained a continuous bijective map from the compact set Cart(g)
Ch to the compact set
Cart(G)
Ch , which concludes the proof of Theorem 1.
As the Chabauty topology on Cart(G)
Ch is Hausdorff and Cart(g) Ch is compact we directly conclude the map Gr is a homeomorphism.
Corollary 6.25. The map Gr :
Ch is a homeomorphism.
Remark 6.26. Let µ n be the group of n-th roots of unity in Q * p . Let H ∈ Cart(G) Ch and let λ ∈ µ n . If g ∈ H then we claim λg ∈ H. Indeed, by Corollary 6.25, take A H ∈ Cart(g) Ch such that G ∩ A H , Id = Gr(A H ) = H. Take g ∈ H and let the unique a ∈ A H such that a +
Id ∈ A H , Id . But det(λg) = 1 so the conclusion follows.
6.1.3. Remarks on the dimension of a limit of the diagonal Cartan. So far we have shown that for every H ∈ Cart(G)
Ch there exists a unique A H ∈ Cart(g) Ch such that Gr(A H ) = H. We end this subsection by showing that the dimension of every A H ∈ Cart(g) Ch is n − 1.
We thank Thomas Haettel for the idea of the proof of the following Proposition. Let V be a Q p -vector space of dimension N . Denote by S(V, m) the set of all Q p -linear subspaces of V of dimension m < N . Then S(V, m) ⊂ S(V ). In particular, one can consider V = g and m = n − 1.
Proposition 6.27. We have S(V, m) is closed in S(V ) and S(V, m) equals the Grassmannians
Grass(m, V ) as a set. Moreover, S(V, m) with the Chabauty topology is homeomorphic to the Grassmannians Grass(m, V ) endowed with a quotient topology induced from the topological group GL(V, Q p ).
Proof. Recall S(V ) is the set of all Q p -linear subspaces of V and by Lemma 6.10 S(V ) is compact. Let GL(V, Q p ) be the set of invertible linear maps on V considered as a Q p -linear vector space. Note GL(V, Q p ) acts by left multiplication and continuously on S(V ) with respect to the Chabauty topology. Indeed, suppose {D k } k∈N ⊂ GL(V, Q p ) converges to some D ∈ GL(V, Q p ) and {F k } k∈N ⊂ S(V ) converges to F ∈ S(V ). As GL(V, Q p ) acts continuously on V we have {D k f k } k∈N converges to Df , for every sequence {f k ∈ F k } k∈N that converges to f ∈ F . It remains to prove if {D k f k } k∈N admits a strictly increasing subsequence {k l } l∈N with {D k l f k l } l∈N converging to some g ∈ V , then D −1 g ∈ F . As D −1 D k l converges to Id ∈ GL(V, Q p ), for l large enough f k l is as close as we want to D −1 D k l f k l , and thus to D −1 g. We obtain {f k l } l∈N converges to D −1 g and so D −1 g is in F . Therefore {D k F k } k∈N converges to DF in the Chabauty topology on S(V ).
Since we can apply a linear transformation in GL(V, Q p ) to change between bases of any two Q p -linear subspaces of the same dimension, there are a finite number of Q p -linear subspaces of V , up to GL(V, Q p ) action. Thus the GL(V, Q p )-action on S(V ) is cocompact.
Recall GL(V, Q p ) admits the Iwasawa decomposition KAN = KB (see Lemma 4.2) where K = GL(V, Z p ), A is the set of diagonal matrices in GL(V, Q p ), B is the subgroup of all upper-triagular matrices of GL(V, Q p ), and N the set of all upper-triangular matrices with 1 on the diagonal. As in [Lit, Section 1.1.3] we fix the standard basis {e 1 , · · · , e N } of V , then the Q p -linear subspace F d := span {e 1 , · · · , e d } of dimension d in V is invariant under the group that contains B:
, we obtain GL(V, Z p ) acts transitively on S(V, d) which implies GL(V, Q p ) and GL(V, Z p ) have the same orbits on S(V ). Since GL(V, Z p ) is compact, every GL(V, Q p )-orbit in S(V ) is closed. Now, as F m ∈ S(V, m) ⊂ S(V ) and F m ∈ Grass(m, V ), the orbit GL(V, Q p ) · F m is in bijection with Grass(m, V ) as a set. Because elements of GL(V, Q p ) do not change the dimension of a Q p -linear subspace, we obtain S(V, m) is closed in S(V ) and in bijection with Grass(m, V ).
Denote the stabilizer of F m in GL(V, Q p ) by GL(V, F m ). Then the map from GL(V, Q p )/ GL(V, F m ) ∼ = Grass(m, V ) to S(V, m) given by g → gF m is bijective and continuous with respect to the quotient topology induced from the topological group GL(V, Q p ) and the Chabauty topology on S(V, m), that is also Hausdorff. We conclude S(V, m) with the Chabauty topology is homeomorphic to GL(V, Q p )/ GL(V, F m ) ∼ = Grass(m, V ) with the quotient topology induced from the topological group GL(V, Q p ).
Corollary 6.28. Every element of Cart(g)
Ch is an abelian subalgebra with respect to the Lie bracket of g and of dimension n − 1. Lemma 6.31. Let α 1 , ..., α n ∈ Q p . Suppose for some fixed i = j ∈ {1, ..., n} we have α i = α j . Then there exists a non-empty open subset U in (Q p , +) such that |α i + λ| n p > |α j + λ| n p and |α i + λ| n p > n t=1 |α t + λ| p > 0 for every λ ∈ U . Proof. We prove the set U is non-empty. This is done by considering two cases.
Case 1. Suppose that α j = 0. First notice that for every α k that is not zero and for m > 0 large enough we have |α k + p m | p = |α k | p . Moreover, for m > 0 large enough we also have t:
−m and so |α j + λ| n p < |α i + λ| n p . Case 2. We now treat the general case when α j = 0. Then we may apply the first case to the sequence α 1 − α j , α 2 − α j , ..., α n − α j . The result follows.
Finally, we observe the set, U , of λ's in (Q p , +) satisfying all the inequalities in the statement of the lemma, is clearly open.
As a consequence of Lemma 6.31 we have:
If H is contained in the Borel subgroup B, and H does not contain hyperbolic elements, then every matrix in A H has only zero on the diagonal. Moreover, H is contained in U ∅ · µ n , where U ∅ is the unipotent radical of B (see Example 4.10) and µ n is the group of n-th roots of unity in Q * p . Proof. By Lemma 6.29, every matrix in A H is upper triangular. Fix a ∈ A H , with diagonal values a 1 , ..., a n . Suppose for contradiction that not all a i 's are 0. By lemma 6.31, there exist i ∈ {1, ..., n} and λ ∈ Q p such that
Then det(a + λ Id) = 0, hence (a+λ Id) n det(a+λ Id) belongs to G and is a hyperbolic matrix, since the i-th diagonal coefficient has the p-adic norm > 1. This contradicts the assumption on H, so all diagonal coefficients of a are 0.
To prove the last statement of the theorem, write H = Gr(A H ), with A H strictly upper triangular by the first statement. Then A, Id consists of strictly upper triangular plus scalar matrices, so intersecting with G one obtains a subgroup in U ∅ · µ n . This proves the Theorem.
6.3. Hyperbolic Cartan limits. In this section we prove that hyperbolic Cartan limits are, up to conjugacy, subgroups of B ∩ G σ+ ∩ G σ− , for some subsimplex σ + of the ideal chamber c and σ − is opposite σ + and contained in ∂Σ.
Lemma 6.33. Let H be a subgroup of B and let
Proof. This follows from Lemma 3.1 from [CC15] .
Lemma 6.34. Let h ∈ B be elliptic and let g ∈ B be hyperbolic. Then gh is hyperbolic.
Proof. Suppose gh is elliptic then gh fixes a point in the affine building X. Thus gh fixes pointwise an entire sector Q with ideal boundary the ideal chamber c (that defines the Borel subgroup B) and that is contained in the apartment Σ. As h is also elliptic it fixes a sector Q ′ in Σ with ideal boundary the ideal chamber c. Then h and gh fix pointwise Q ∩ Q ′ . So g must fix pointwise Q ∩ Q ′ . This is a contradiction as g is hyperbolic. It follows that gh is hyperbolic.
Recall by Lemma 4.2 B = B
0 A where A ∼ = Z n−1 is the set of all diagonal matrices in G that are hyperbolic elements, but the Id (see Remark 6.30) and B 0 is normal in B. Then by Lemma 6.34 for every H ≤ B the quotient H/H 0 contains only hyperbolic representatives.
Lemma 6.35. Let H ≤ B be a hyperbolic Cartan limit. Then H/H 0 is a free abelian subgroup of rank m, with 0 < m ≤ n − 1, and maps to A via a canonical injective homomorphism.
Proof. Since H is a limit of the diagonal Cartan, it is abelian, and so is H/H 0 . As H ≤ B every h ∈ H has a decomposition as h = a h h 1 for a unique a h ∈ A and some h 1 ∈ B 0 . The element a h is unique because A \ {Id} contains only hyperbolic elements. More precisely,
0 ∩ A so it is elliptic and must be the identity. Then the map ψ : H/H 0 → A given by h → a h is well defined and injective. Because H is abelian and H 0 , B 0 are normal subgroups in H, respectively, B, the map ψ is also a homomorphism. We obtain H/H 0 is a free abelian subgroup of rank 0 < m ≤ n − 1.
The convex hull in X of a flat E ⊂ X is the intersection of all half-apartments and apartments in X that contain E. Denote the convex hull of E in X by Conv X (E) and notice it is unique. The convex hull is again a flat in X and in general might be of bigger dimension that the dimension of E.
Theorem 6.36. Let H be a hyperbolic Cartan limit with rank(H/H 0 ) = m. Then there exist 0 < k ≤ n − 1 maximal (which depends on m) and σ + , σ − ⊂ ∂Σ opposite simplices with σ + ⊂ c such that up to conjugacy in G, H is a subgroup of B ∩ G σ+ ∩ G σ− and stabilizes a flat of dimension k in X whose ideal boundary is the support of σ + , σ − .
Proof. By Proposition 6.2, we may take H to be a hyperbolic Cartan limit contained in B. In order to give explicit examples of limits of the diagonal Cartan in low dimensions we need to understand further the diagonal entries of matrix elements of hyperbolic Cartan limits. This is a generalization of Theorem 6.32.
Theorem 6.37. Up to conjugacy, every hyperbolic Cartan limit H is a subgroup of
for some opposite simplices σ + , σ − ⊂ ∂Σ with σ + ⊂ c and where the blocks A 1 , · · · , A k are indecomposable upper triangular square matrices of possibly different dimensions, and in each block A i every element in H has its diagonal entries all the same. In particular, if the dimension of Conv X (E m ) corresponding to H is n − 1, then H is conjugate to the diagonal Cartan subgroup.
Proof. Recall a block A i is indecomposable if no conjugate of P I in SL(n, Q p ) allows us to write A i as a direct sum of smaller blocks
The first part of the proposition is just Theorem 6.36, Proposition 4.6 and Example 4.10. As H ≤ B and by Lemma 6.29, every matrix in A H is upper triangular, and so is every matrix in H. Let us prove in each block A i every matrix element in H has its diagonal entries all the same.
We treat hyperbolic and elliptic elements of H separately. Let F be the flat in X of maximal dimension k that is stabilized by H and given by Theorem 6.36. Recall, from the proof of Theorem
−1 (α| Isom(F ) (h)) consists of diagonal matrices with entries in each block A i all the same. Moreover, every elliptic element of H has its diagonal entries in Z * p , otherwise it will be hyperbolic (see Remark 4.8).
Suppose for contradiction that there is an elliptic element h of H such that in one block A i it has two different diagonal entries, say α j = α l ; we fix for what follows entries of a by a 1 , . .., a n where a j = a l by the previous paragraph. Then by Lemma 6.31 there exists λ ∈ Q p such that |a j + λ| n p < |a l + λ| n p and |a l + λ| n p > n t=1 |a t + λ| p > 0, thus
is a hyperbolic element. By the first part of the proof, the preimage α −1 (α| Isom(F ) (h λ )) consists of diagonal matrices with entries in each block A t all the same. Take some g λ ∈ α −1 (α| Isom(F ) (h λ
This contradicts the fact that the diagonal entries of g
If the dimension of Conv X (E m ) of the flat E m corresponding to H is n − 1, then σ + is the ideal chamber c. So H is contained (up to conjugacy) in C. As the corresponding Lie algebra A H of H is of dimension n − 1 and thus contained in the set of diagonal matrices with trace zero, we conclude by Propositions 6.24, 6.23 that H is a diagonal Cartan subgroup.
Explicit examples of limits of the diagonal Cartan in low dimensions
Recall µ k is the group of kth roots of unity in Q p . 7.1. SL(2, Q p ). We compute a limit of the diagonal Cartan. By Lemma 6.3 it is sufficient to conjugate C only by sequences in the unipotent radical U of B. In view of Corollary 6.25, we may replace Cart(G)
Ch by Cart(g) Ch and C by c. Observe that 1 p −n 0 1 a n 0 0 −a n 1 p −n 0 1 −1 = a n −2p −n a n 0 −a n .
For this to converge to 0 x 0 0 , it is enough to take a n = −p n x 2 . This computation shows that n = { 0 x 0 0 : x ∈ Q p } is a Chabauty limit of conjugates of c.
Applying Gr, we obtain that {± Id}.U is an elliptic Cartan limit. We now show this is the only possible limit, up to conjugacy.
Proposition 7.1. Up to conjugacy, there is only one limit of
the product of the unipotent radical of the Borel subgroup B, with {± Id}.
Proof. Recall the Bruhat-Tits building of SL(2, Q p ) is a (p+1)-regular tree T p+1 and up to conjugacy there is only one parabolic subgroup, the Borel subgroup B, equal to the set of the upper triangular matrices of SL(2, Q p ) (see Example 4.10).
Let H be a limit of the diagonal Cartan. By Proposition 6.2 it is enough to consider H ≤ {±Id}·B. By Theorem 6.32, if H is an elliptic Cartan limit, H is contained in the unipotent radical of B times the square-roots of unity {± Id}. Moreover, by Propositions 6.23, 6.24 and Corollary 6.28 the subalgebra A H ∈ Cart(sl(2, Q p ))
Ch corresponding to H is of dimension one and is a subset of all upper triangular matrices in sl(2, Q p ) with only zero on the diagonal. In other words A H is the set of strictly upper diagonal nilpotent matrices. Then H = A H , Id * = {± Id}.U , with U the unipotent radical of B.
If H is a hyperbolic Cartan limit by Theorem 6.37 H is in Cart (SL(2, Q p ) ).
We obtain geometric intuition using the lattice construction of the Bruhat-Tits building X = T p+1 of SL(2, Q p ) from [Gar97, Chapter 19] . The diagonal Cartan subgroup stabilizes an apartment, which in the tree T p+1 is a bi-infinite line. A vertex in T p+1 is an equivalence class of lattices, and by choosing the standard basis for Q 2 p , the vertices of the a bi-infinite line stabilized by C are determined by the chosen base in Q 2 p . Going to infinity can be seen by moving the second basis vector onto the first basis vector, so that the angle between them goes to zero. They collapse to a single generalized eigenvector which is preserved by the limit group under this same sequence. 
SL(3,
If p = 3 then Z p is a 3-divisible group, in which every element is a cube. From this it is easy to compute where α ∈ Q p is fixed.
We will need the following: conjugates N α into N β . Conversely, assume that N α and N β are conjugate by some T ∈ SL(3, Q p ).
Then T also conjugates the Lie algebras n α and n β , where
Let {e 1 , e 2 , e 3 } be the canonical basis of Q 3 p . Since e 1 = ∩ Xα∈nα ker(X α ), and n α and n β are conjugate by T , we see that e 1 is T -invariant. Similarly, since e 1 , e 2 = ∩ Xα∈nα ker(X Proof of 7.3. Let H be a limit of the diagonal Cartan. By Proposition 6.2 it is enough to consider H ≤ µ 3 · B, where B is the minimal parabolic subgroup that equals the upper triangular matrices of SL(3, Q p ) (see Example 4.10). By Section 6.3, if H is a hyperbolic Cartan limit H either stabilizes a 2-dimensional flat (that is an apartment) or a 1-dimensional flat. The former case gives a diagonal Cartan subgroup. By Section 6.3 and Theorem 6.37 in the latter case there are three possible subgroups
where a ∈ Q * p and x ∈ Q p . But these are all conjugate by permutation matrices. To show that the first appears as a limit of the diagonal Cartan, we proceed as in Proposition 7.1 and work at the level of Cart(sl(3, Q p ))
Ch . .
For this to converge to
we may take x n = a and y n = a + p n x. This takes care of the unique (up to conjugacy) non-trivial hyperbolic Cartan limit.
By Theorem 6.32, if H is an elliptic Cartan limit, then H is contained in the product of µ 3 with the unipotent radical of B. By Propositions 6.23, 6.24 and Corollary 6.28 the subalgebra A H ∈ Cart(sl(3, Q p ))
Ch corresponding to H is of dimension two and a subset of the upper triangular matrices in sl(3, Q p ) having only zero on the diagonal. So A H , Id * = H. It is then easy to see that the abelian subgroup H is conjugate to the product of µ 3 with one of the following three subgroups, with x, y ∈ Q p , and where α ∈ Q p is fixed. By lemma 7.4 the number of conjugacy classes of N α is |Q * p /Q * p
We claim that all the above three subgroups are limits of C. Indeed, consider the case of N α , and the following conjugating matrix: Example 7.6. Recall SL(3, F 2 ) is a finite simple Lie group, whose affine Weyl group is the dihedral group of order 6. Its associated Bruhat-Tits building is a finite spherical building that is represented by the Heawood graph. There are two kinds of vertices in the Heawood graph: blue vertices corresponding to a point in P(F ). An apartment is a hexagon (i.e., 6 connected vertices) in the Heawood graph and every half apartment is represented as 4 connected vertices in the graph.
In the Bruhat-Tits building of SL(3, Q 2 ) every vertex has a link ([AB08, Def. A.19.]) which is represented by the Bruhat-Tits building for SL(3, F 2 ) ([AB08, Prop. A.20]), which is the Heawood graph. Moreover, a spherical apartment in the spherical building at infinity for SL(3, Q 2 ) is represented by an apartment in the Heawood graph. The red and blue types of vertices of the Heawood graph are stabilized by the two maximal parabolic subgroups of SL(3, Q 2 ). Intuitively, these red and blue vertices are "associated" with the last two groups in the list of Proposition 7.3. The second group in the list of Proposition 7.3 preserves the maximal flag e 1 ⊂ e 1 , e 2 ⊂ e 1 , e 2 , e 3 , which appears as the edge connecting a red and a blue vertex in the Heawood graph. Note, by Proposition 6.2 all these three groups are contained in the Borel subgroup, that stabilizes an edge=chamber in the spherical building at infinity for SL(3, Q 2 ). This ideal chamber corresponds to an edge in the Heawood graph.
Finally, the first group preserves a wall in the Bruhat-Tits building of SL(3, Q 2 ) (that is a line). The two ideal opposite endpoints of this line are a red and a blue vertex; they can be visualized as two non-connected vertices in an apartment of the Heawood graph.
In the Bruhat-Tits building associated with SL(3, Q p ) where p > 2 the links of vertices will be larger graphs.
Compare these results with similar results by [Hae13, Lei16, ST68] over R and C. The proofs written by [Hae13, ST68] are not geometric, and rely heavily on computation using sequences. The results here use the geometry of the affine and spherical buildings. Iliev and Manivel prove there are 14 conjugacy classes of 3-dimensional abelian subalgebras in sl(4, C), see [IM05] . This list is the same as ours, with only one representative for each family of conjugacy classes, since C is algebraically closed. 
Proof.
a) The proof of the necessary condition is very similar to the one of lemma 7.4, we just sketch the idea. Assume that N 1,α , N 1,β are conjugate by some T ∈ SL(4, Q p ); then the corresponding Lie algebras n 1,α , n 1,β are conjugate by T . Writing e 1 = ∩ X∈n1,α ker(X), e 1 , e 2 = ∩ X∈n1,α ker(X 2 ), e 1 , e 2 , e 3 = ∩ X∈n1,α ker(X 3 ), we see that the subspaces e 1 , e 1 , e 2 , e 1 , e 2 , e 3 are T -invariant, i.e., T is upper triangular. A direct computation expressing that T conjugates n 1,α into n 1,β , then gives α, β in the same square-class. Conversely, if α, β are in the same square class, N 1,α is conjugate to N 1,β by the diagonal matrix Diag((
If N 4,α and N 4,β are conjugate by T ∈ SL(4, Q p ), then so are the Lie algebras n 4,α , n 4,β , where
It will be convenient to write this in a more compact form. Set a = a b ∈ Q 2 P , and consider the diagonal 2-by-2 matrix D α = Diag(α, 1). Then:
where 0 denotes the 2-by-2 zero matrix. Since e 1 = ∩ X∈n4,α ker(X) and e 1 , e 2 , e 3 = ∩ X∈n4,α ker(X 2 ), we see that e 1 and e 1 , e 2 , e 3 are T -invariant subspaces, so that T has the form
Taking determinants on both sides we get det(A) 4 α = β, so that α and β are in the same class modulo 4-th powers.
Conversely, if α and β are in the same coset of Q * p /Q * p 8 then N 4,α and N 4,β are conjugate by the diagonal matrix diag(1, (
Proof of 7.7. Just as in the proof of Proposition 7.1 it is sufficient to consider only limits contained in the Borel subgroup product with µ 4 . Using the same arguments as in Proposition 7.3, it is possible to produce a sequence of conjugating matrices to each of the limits of the Cartan as follows. Suprenko and Tyskevtich [ST68] classify maximal abelian subgroups over an algebraically closed field. The work here is necessary to descend from the algebraic closure to Q p , so we need to understand whether or not it is possible to multiply an entry by a scalar in groups which have repeated entries. Then we need to determine conjugacy classes of groups. See also [Hae10, Lei16c] for classifications over R.
If H is a hyperbolic Cartan limit, by Section 6.3 H preserves a flat of dimension 1, 2, or 3. This is the same codimension as the largest block which has a common eigenvalue. The proof of Proposition 7.3 may be applied to classify the hyperbolic Cartan limits as the first 6 groups.
If H is an elliptic Cartan limit, by Theorem 6.32, H is contained in the unipotent radical of B·µ 4 . One computes that in order for a group to be abelian, entries on diagonals must be zero or scalar multiples of one another. Given a group of matrices of the form where α, β ∈ Q p are fixed scalars and x, a, t run over Q p . But this group is conjugate to a group where α = 1 by diag(α, 1, 1, 1 α ). So we are left with the group N 1,β which provides Q 2 conjugacy classes by lemma 7.8.
If y = 0 and xz = 0 and ab = 0: then x is a scalar multiple of z or b and z is a scalar multiple of x or a. So we get the groups N 4,α , whose conjugacy classes are studied in lemma 7.8. If y = 0 and xz = 0 and a, b = 0: , we get the group N 6 . If y = 0 and x, z = 0: then a, b, t may take any value. This is a maximal abelian subgroup which is 4 dimensional, see [ST68] . Since we are interested in 3 dimensional groups, we require some linear relation in y, a, b, t. One checks that the groups is then either conjugate to N 5 . Thus we are left with the cases where some of x, z, a, b = 0. If x or z = 0: then ab = 0 or a is a scalar multiple of b. In the case that a, b are scalar multiples, we do not get a group. If one of a, b = 0, then one checks that the group is conjugate to N 2 or N 3 . If a or b = 0: then either xz = 0 or x is a scalar multiple of z. If one of a, b is zero, and one of x, z is zero, then the group is conjugate to N 7 or N 8 . If one of a, b = 0 and x is a scalar multiple of z, then again we do not have a group. Thus we have run over all possible cases for x, y, z, a, b, t, and we have obtained all of the groups in our list.
This also concludes the proof of Theorem 1.4. The spherical building at infinity for SL(4, Q p ) has three kinds of vertices, whose stabilizers in SL(4, Q p ) are the maximal parabolic subgroups and they correspond to fixing a point, line, or plane, in P(Q 3 p ). Intuitively, these correspond to N 8 , N 6 , and N 7 respectively. The group N 5 also fixes the vertex that corresponds to planes in P(Q 3 p ). The group N 3 preserves the edge between the vertices fixing a plane and line in P(Q 3 p ). The group N 2 preserves the edge between vertices fixing a vertex and line in P(Q 3 p ). The groups N 4,α preserve the edge between vertices fixing a plane and a point, since N 4,α is contained in the unipotent radical of the parabolic which preserves this edge at infinity. The groups N 1,β correspond to preserving the triangle between vertices fixing a vertex, line, plane in P(Q 3 p ). The groups with eigenvalues preserve opposite faces in the spherical building at infinity for SL(4, Q p ). Notice they are made by gluing together unipotent conjugacy limits in lower dimensions.
7.4. SL(5, Q p ) and higher. Using the same sorts of arguments as the above, we conjecture that there are again finitely many limits of the Cartan in SL(5, Q p ). Hyperbolic Cartan limit groups are constructed by gluing together elliptic Cartan limit groups from lower dimensions as each block, with matching diagonal entries on each block, see Theorem 6.37. So there will again be finitely many hyperbolic Cartan limit groups. Elliptic Cartan limit groups must be contained in the unipotent radical of a parabolic product with µ 5 . The largest such abelian subgroup of any unipotent radical is the image of an abelian representation from Q 6 p . So we conjecture that it is still only possible to fit finitely many conjugacy classes of limits of the Cartan inside this unipotent radical.
In SL(6, Q p ) there is an abelian subgroup of a unipotent radical which is the image of a representation from Q Remark 7.9. It is a natural question to ask which limits of the Cartan can limit to others. The incidence geometry of the spherical building answers this question for us nicely.
Consider first the case of a hyperbolic Cartan limit H. Then H stabilizes a flat in the BruhatTits building. By taking a limit of a sequence of conjugates of H it is then clear that the dimension of the corresponding stabilized flat cannot increase. So hyperbolic Cartan limits can limit to either hyperbolic Cartan limits which stabilize lower dimensional flats, or to elliptic Cartan limits.
Recall the unipotent radical of a parabolic subgroups decreases as the dimension of the face in the spherical building at infinity decreases, see Example 4.10. (We mean there are less blocks in the unipotent radical, and the size of the blocks is smaller.) If H is an elliptic Cartan limit we expect H to be contained in a unipotent radical U I , which is the unipotent radical stabilizing the face F I . Then a limit of a sequence of conjugates of H must be contained in a unipotent radical whose corresponding face in the spherical building at infinity is contained in F I . Notice that this corrects the digraph of limit groups in [IM05] .
An Infinite Family of NonConjugate Limits
In this section we adapt arguments due to Haettel/ Iliev-Manivel and Leitner. Iliev and Manivel study Red(n), the Zariski closure of Cart(sl(n, R)) in the Grassmannians Grass(n − 1, sl(n, R)) endowed with the Zariski topology.
Recall by Proposition 6.27 that the Chabauty topology on S(sl(n, Q p ), n − 1) is compatible with the topology of the Grassmannians Grass(n−1, sl(n, Q p )). Define Ab(n−1) ⊂ Grass(n−1, sl(n, Q p )) to be the set of abelian subalgebras of dimension n − 1.
By results of [Lei16b] , we know that over R we have Cart(sl(n, R)) Ch = Ab(n − 1) for n ≤ 4 and Cart(sl(n, R))
Ch Ab(n − 1) for n ≥ 5. The same examples used in [Lei16b] to show Cart(sl(n, R))
Ch Ab(n − 1) for n ≥ 5 may be adapted to Q p as the arguments use only linear algebra. 
This is an abelian subgroup of SL(5, Q p ).
A flat subgroup is a subgroup of SL(n, Q p ) which is the intersection of a vector subspace of Q n 2 p with SL(n, Q p ) ⊂ End(Q n p ). The diagonal Cartan subgroup C is flat. Conjugacy is a linear map, so it preserves this property, and Chabauty limits of conjugates of C are also flat, by Proposition 6.27. The group in this example is not flat, and so -although 4-dimensional -it cannot be a limit of C. Similar examples as above can be constructed for n ≥ 6. Theorem 8.2. For n ≥ 5, we have Cart(sl(n, Q p ))
Ch is a proper subset of Ab(n − 1).
Proof. Extend example 8.1.
Iliev and Manivel and Haettel give a counting argument which proves Theorem 8.2 for n ≥ 7 over C and R respectively. They count the dimension of the space of subalgebras isomorphic to (R n−1 , +) and show is cubic in n, compared with the dimension of the space of limits of the Cartan subalgebra, which is quadratic in n. Leitner's examples gave the first explicit examples of subalgebras isomorphic to (R n−1 , +) which are not limits of the diagonal Cartan subalgebra. Leitner [Lei16b] also gives a lower bound on the covering dimension of Cart(SL(n, R)) Ch /conjugacy over R. To extend this to Q p a good notion of dimension is needed, and we intend to explore this in future work.
Let G be a group which acts on the projective space P(K n ) over a field K and let A, B ≤ G be subgroups. Every orbit of A has a closure which spans a projective subspace. The dimension of an orbit closure is the dimension of this projective subspace. The set of orbit closures of A is the set of all closures of all orbits of A. If A and B are conjugate, then the orbit closures of A and B are projectively equivalent, i.e., there is a projective transformation taking the orbit closures of A P(K n ) to the orbit closures of B. Leitner produces a continuum of groups with non-conjugate orbit closures. We adapt the same argument from [Lei16b] . Proposition 8.3. For n ≥ 7, there are infinitely many nonconjugate limits of C in SL(n, Q p ).
Proof. We give a sketch of proof for n = 7, which contains all the main ideas and significantly reduces notation. The details for n ≥ 7 may be read in [Lei16b] , and nothing about the topology of R is used, so the same proof will work in the projective space over Q p .
Let α ∈ Q p − {0, 1, 2} be fixed. Consider the homomorphism ρ α : Q We follow Leitner's argument and show the orbits of L α acting on the projective space P(Q 7 p ) are not projectively equivalent to the orbit closures of L β . The orbit closures of L α are a fixed four dimensional space, surrounded by a sheaf of 5 dimensional spaces, some of which break down further. We count the dimension of an orbit of a point x ∈ P(Q 7 p ) under L α . There are three cases. Case 1: x ∈ e 1 , ..., e 5 . Then L α acts as the identity, and the dimension of an orbit is 0. Case 2: x ∈ e 1 , ..., e 5 , te 6 + e 7 , and t ∈ {0, 1, 2, α} then the orbit is 5 dimensional. Case 3: x ∈ e 1 , ..., e 5 , te 6 + e 7 , and t ∈ {0, 1, 2, α}, then the orbit is 4 dimensional. We can project out the space e 1 , ..., e 5 and onto the projective line e 6 , e 7 . This gives us four special points on the line, { Leitner generalizes this proof to groups with a matrix of coefficients in the upper right. The dimension count comes from counting the degrees of freedom in the matrix after applying the unordered generalized cross ratio. All of the details can be found in [Lei16b] .
